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Abstrat
We extend Hardy's inequality from sequenes of non-negative num-
bers to sequenes of positive semi-denite operators if the parameter p
satises 1 < p ≤ 2, and to operators under a trae for arbitrary p > 1.
Appliations to trae funtions are given. We introdue the traial
geometri mean and generalize Carleman's inequality.
Key words and phrases: Hardy's inequality, positive operator, trae
funtion, geometri mean, Carleman's inequality.
1 Introdution
The standard form of Hardy's inequality [7, 8, 9, 10℄ asserts that
(1)
∞∑
n=1
(
1
n
n∑
k=1
ak
)p
≤
(
p
p− 1
)p ∞∑
n=1
apn
for p > 1 and any sequene a = (an) of non-negative real numbers in lp.
The inequality is sharp in the sense that the onstant (p/(p− 1))p annot be
replaed by a smaller number suh that the inequality remains true for all
(even nite) sequenes of non-negative real numbers.
The arithmeti averaging operator h (or the Hardy operator) is dened
by setting
(2) h(a) =
(
1
n
n∑
k=1
ak
)
∞
n=1
1
for any sequene a = (a1, a2, . . . ) of real or omplex numbers. Hardy's in-
equality thus states that h maps lp into itself and has norm p/(p− 1).
We shall prove (1) also for sequenes of positive semi-denite operators on
a Hilbert spae provided 1 < p ≤ 2. Under the trae the inequality is valid
for arbitrary p > 1 and (appropriate) sequenes of positive semi-denite
operators. The lassial proofs of Hardy's inequality are not easy to extend
to operators. The key to the results in this paper is the realization that, as is
the ase for many other lassial inequalities, Hardy's inequality is in essene
an expression of onvexity. The author is indebted to Lars-Erik Persson who
in a talk mentioned that there is a onnetion between onvexity and Hardy's
inequality, and that it is part of the unpublished folklore known to speialist
in lassial inequalities.
2 Non-ommutative generalizations
Lemma 2.1. Let 1 ≤ p ≤ 2 be a real number, and let g : (0,∞) → B(H)+
be a weakly measurable map suh that the integral∫
∞
0
g(x)p
dx
x
denes a bounded linear operator on H. Then the operator inequality∫
∞
0
(
1
x
∫ x
0
g(t) dt
)p
dx
x
≤
∫
∞
0
g(x)p
dx
x
is valid. The inequality annot (generally) be improved by inserting a onstant
less than one in front of the seond integral.
Proof. Sine the funtion t→ tp is operator onvex we obtain(
1
x
∫ x
0
g(t) dt
)p
≤
1
x
∫ x
0
g(t)p dt x > 0
with equality for funtions g whih are onstant in (0, x]. Consequently∫
∞
0
(
1
x
∫ x
0
g(t) dt
)p
dx
x
≤
∫
∞
0
1
x
∫ x
0
g(t)p dt
dx
x
=
∫
∞
0
g(t)p
∫
∞
t
1
x2
dx dt =
∫
∞
0
g(t)p
dt
t
and the assertions are proved. QED
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Lemma 2.2. Let p ≥ 1 be a real number, and let g : (0,∞) → B(H)+ be a
weakly measurable map suh that the integral∫
∞
0
g(x)p
dx
x
denes a bounded linear trae lass operator on H. Then the inequality
Tr
∫
∞
0
(
1
x
∫ x
0
g(t) dt
)p
dx
x
≤ Tr
∫
∞
0
g(x)p
dx
x
is valid. The inequality annot (generally) be improved by inserting a onstant
less than one in front of the seond integral.
Proof. The funtion t → tp is for p ≥ 1 onvex in operators under a trae.
That is, the funtion X → TrXp is onvex in positive semi-denite operators
X suh that Xp is trae lass. The same steps as in the proof of the preeding
lemma, mutatis mutandis, may be arried out and the assertions follow.
QED
Theorem 2.3. Let 1 < p ≤ 2 be a real number, and let f : (0,∞)→ B(H)+
be a weakly measurable map suh that the integral∫
∞
0
f(x)pdx
denes a bounded linear operator on H. Then the inequality∫
∞
0
(
1
x
∫ x
0
f(t) dt
)p
dx ≤
(
p
p− 1
)p ∫ ∞
0
f(x)pdx
holds, and the onstant (p/(p− 1))p is the best possible.
Proof. We apply the funtion
g(t) = f(tp/(p−1))t1/(p−1)
in Lemma 2.1 and obtain∫
∞
0
(
1
x
∫ x
0
f(tp/(p−1))t1/(p−1) dt
)p
dx
x
≤
∫
∞
0
f(xp/(p−1))pxp/(p−1)
dx
x
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Setting y = tp/(p−1) and thus
dy
dt
=
p
p− 1
· t1/(p−1)
in the rst integral, we obtain∫
∞
0
(
1
x
∫ x
0
f(tp/(p−1))t1/(p−1) dt
)p
dx
x
=
(
p− 1
p
)p ∫ ∞
0
(
1
x
∫ xp/(p−1)
0
f(y) dy
)p
dx
x
and thus(
p− 1
p
)p ∫ ∞
0
(
1
x
∫ xp/(p−1)
0
f(y) dy
)p
dx
x
≤
∫
∞
0
f(xp/(p−1))pxp/(p−1)
dx
x
.
We nally set z = xp/(p−1) and thus
dz
dx
=
p
p− 1
·
z
x
in both integrals and obtain(
p− 1
p
)p+1 ∫ ∞
0
(
1
z(p−1)/p
∫ z
0
f(y) dy
)p
dz
z
≤
p− 1
p
∫
∞
0
f(z)pdz.
This is rearranged to∫
∞
0
(
1
z
∫ z
0
f(y) dy
)p
dz ≤
(
p
p− 1
)p ∫ ∞
0
f(z)pdz
and the assertions are proved. QED
Theorem 2.4. Let 1 < p be a real number, and let f : (0,∞) → B(H)+ be
a weakly measurable map suh that the integral∫
∞
0
f(x)pdx
denes a bounded linear trae lass operator on H. Then the inequality
Tr
∫
∞
0
(
1
x
∫ x
0
f(t) dt
)p
dx ≤
(
p
p− 1
)p
Tr
∫
∞
0
f(x)pdx
holds, and the onstant (p/(p− 1))p is the best possible.
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Proof. We apply for p > 1 the funtion
g(t) = f(tp/(p−1))t1/(p−1)
in Lemma 2.2 and make the same substitutions under the trae as applied
in the proof of Theorem 2.3. QED
By onsidering the ase where f is a step funtion we obtain:
Corollary 2.5. Let 1 < p ≤ 2 be a real number, and let a = (a1, a2, . . . ) be a
sequene of positive semi-denite operators on a Hilbert spae suh that the
innite sum ap1 + a
p
2 + · · · denes a bounded operator. Then the inequality
(3)
∞∑
n=1
(
1
n
n∑
k=1
ak
)p
≤
(
p
p− 1
)p ∞∑
n=1
apn
holds, and the onstant (p/(p− 1))p is the best possible.
Corollary 2.6. Let 1 < p be a real number, and let a = (a1, a2, . . . ) be a
sequene of positive semi-denite operators on a Hilbert spae suh that the
innite sum ap1 + a
p
2 + · · · denes a bounded trae lass operator. Then the
inequality
(4) Tr
∞∑
n=1
(
1
n
n∑
k=1
ak
)p
≤
(
p
p− 1
)p
Tr
∞∑
n=1
apn
holds, and the onstant (p/(p− 1))p is the best possible.
2.1 Trae funtions
Consider for p > 0 the homogeneous funtional
Φp(a) = Tr


(
∞∑
n=1
apn
)1/p
dened on sequenes a = (a1, a2, . . . ) of positive denite operators ating on
a Hilbert spae suh that (ap1 + a
p
2 + · · · )
1/p
denes a bounded trae lass
operator. It is a onsequene of Epstein's theorem that Φp is onave, f.
[5℄ and [4, Theorem 1.1℄. Carlen and Lieb onjetured in 1999 that Φp is
5
onvex for 1 ≤ p ≤ 2, and they showed that this would lead to a Minkowski
inequality for operators on a tensor produt of three Hilbert spaes and to
another proof of strong subadditivity of entropy. Carlen and Lieb eventually
proved the onjeture in 2008 [4, Theorem 1.1℄.
Sine Φp is onvex for 1 ≤ p ≤ 2 the domain is a onvex one, but the
funtional annot be extended to a norm. The obstale is that the modulus
|X| of an operator X is not a onvex funtion in X.
Theorem 2.7. Let 1 < p ≤ 2 be a real number, and let a = (a1, a2, . . . )
be a sequene of positive semi-denite operators on a Hilbert spae suh that
(ap1 + a
p
2 + · · · )
1/p
denes a bounded trae lass operator. Then
Φp(h(a)) ≤
p
p− 1
Φp(a),
where h is the Hardy operator (2).
Proof. Sine t→ tα is operator monotone for 0 ≤ α ≤ 1, it follows from the
non-ommutative Hardy inequality (3) that
(
∞∑
n=1
[
1
n
n∑
k=1
ak
]p)1/p
≤
p
p− 1
(
∞∑
n=1
apn
)1/p
for 1 < p ≤ 2. The assertion then follows by taking the trae. QED
3 The traial geometri mean
The operator power mean
1
is dened by
Mp(a1, . . . , an) =
(
1
n
n∑
k=1
a
1/p
k
)p
.
Let now q ≥ p ≥ 1. Sine t→ tp/q is operator onave we obtain
Mp(a1, . . . , an)
1/q =
(
1
n
n∑
k=1
a
1/p
k
)p/q
≥
1
n
n∑
k=1
a
1/q
k = Mq(a1, . . . , an)
1/q,
1
Sometimes p is replaed with 1/p in the literature [6℄.
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and sine t→ tq is monotone under a trae, that is X → TrXq is monotone
inreasing in positive denite X, we also obtain
TrMp(a1, . . . , an) ≥ TrMq(a1, . . . , an).
The trae of the operator mean is thus a dereasing funtion in the power
parameter p, so the following denition makes sense:
Denition 3.1. We dene the traial geometri mean by setting
TG(a1, . . . , an) = lim
p→∞
Tr
(
1
n
n∑
k=1
a
1/p
k
)p
for positive semi-denite trae lass operators a1, . . . , an on a Hilbert spae.
Notie (by setting p = 1) the inequality
Tr
(
a1 + · · ·+ an
n
)
≥ TG(a1, . . . , an).
The traial geometri mean has a number of attrative properties:
Theorem 3.2. Let a1, . . . , an be positive semi-denite bounded operators on
a Hilbert spae and onsider the traial geometri mean TG(a1, . . . , an).
(1) It oinides with the geometri mean (a1 · · · an)
1/n
for positive num-
bers and with Tr (a1 · · · an)
1/n
for ommuting operators.
(2) It is a (traial) mean; TG(a, . . . , a) = Tr a.
(3) It is homogeneous; TG(ta1, . . . , tan) = t · TG(a1, . . . , an) for t > 0.
(4) It is symmetri in the entries.
(5) It is unitarily invariant.
(6) It ats additively on sequenes of blok matries.
(7) It is (separately) inreasing in the entries.
(8) It is (jointly) onave in the entries.
7
Proof. The rst statement for positive numbers is a lassial result and (2)
to (6) are quite obvious.
To prove (7) we notie that Mp(a1, . . . , an)
1/p
is separately inreasing in
the entries by operator monotoniity of t → t1/p. We therefore obtain, as
above, that TrMp(a1, . . . , an), for eah p ≥ 1, is separately inreasing in the
entries. This property is hene satised also for the traial geometri mean
by taking the limit p→∞.
To prove (8) we notie that TrMp(a1, . . . , an), for eah p ≥ 1, is a onave
funtion in the entries by Epstein's theorem, f. [5℄ and [4, Theorem 1.1℄.
Taking the limit p → ∞ we therefore realize that also the traial geometri
mean is a onave funtion in the entries. QED
The last property (8) is by far the most diult to establish. The onrete
formula given in the next theorem is related to [6, Theorem 4.19℄. It is
interesting to notie that it is of no use to prove (8) in the previous result.
Theorem 3.3. If the operators a1, . . . , an are stritly positive, then the traial
geometri mean
(5) TG(a1, . . . , an) = Tr exp
(
1
n
n∑
k=1
log ak
)
.
Proof. Sine the logarithm is operator onave, we have
p · log
(
1
n
n∑
k=1
a
1/p
k
)
≥
1
n
n∑
k=1
log ak
and hene under the trae
Mp(a1, . . . , ak) = Tr exp
[
p · log
(
1
n
n∑
k=1
a
1/p
k
)]
≥ Tr exp
(
1
n
n∑
k=1
log ak
)
for any p ≥ 1. Taking the limit p → ∞ we thus obtain that the left hand
side in (5) majorizes the right hand side. To verify the opposite inequality
8
we use log t ≤ t− 1 to obtain
logMp(a1, . . . , ak) = p · log
(
1
n
n∑
k=1
a
1/p
k
)
≤
1
n
n∑
k=1
p(a
1/p
k − 1)
and hene under the trae
TG(a1, . . . , an) ≤ TrMp(a1, . . . , an) ≤ Tr exp
(
1
n
n∑
k=1
p(a
1/p
k − 1)
)
for any p ≥ 1. Sine p(a
1/p
k − 1)→ log ak in the strong operator topology for
p→∞, the assertion follows. QED
The following theorem is a non-ommutative version of Carleman's in-
equality [3℄.
Theorem 3.4. The inequality
∞∑
n=1
TG(a1, . . . , an) ≤ e
n∑
n=1
Tran
is valid for sequenes of positive semi-denite trae lass operators suh that
the sum on the right hand side is nite.
Proof. If we in the traial Hardy inequality (4) replae an with a
1/p
n for eah
n then we obtain
Tr
∞∑
n=1
(
1
n
n∑
k=1
a
1/p
k
)p
≤
(
p
p− 1
)p
Tr
∞∑
n=1
an
for p > 1. Sine (
p
p− 1
)p
→ e for p→∞
the statement follows by letting p→∞ in the inequality. QED
9
Referenes
[1℄ T. Ando, C.-K. Li, and R. Mathias. Geometri means. Linear Algebra Appl.,
385:305334, 2004.
[2℄ R. Bhatia and J. Holbrook. Nonommutative geometri means. Math. Intel-
ligener, 28:3239, 2006.
[3℄ T. Carleman. Sur les fontions quasi-analytiques. Fifth Sandinavian Congress
of Mathematiians (Helsinki, 1922), pages 181197. Akadem. Buhh., 1923.
[4℄ E.A. Carlen and E.H. Lieb. A Minkowsky type trae inequality and strong
subadditivity of quantum entropy II: Convexity and onavity. Lett. Math.
Phys., 83:107126, 2008.
[5℄ H. Epstein. Remarks on two theorems of E. Lieb. Comm. Math. Phys., 31:317
325, 1973.
[6℄ T. Furuta, Hot J.M., J. Pe£ari¢, and Y. Seo. Mond-Pe£ari¢ Method in Operator
Inequalities. Element, Zagreb, 2005.
[7℄ G.H. Hardy. Note on a theorem of Hilbert. Math. Z., 6:314317, 1920.
[8℄ G.H. Hardy. Notes on some points in the integral alulus, LX. An inequality
between integrals. Messenger of Math., 54:150156, 1925.
[9℄ G.H. Hardy, J.E. Littlewood, and G. Pólya. Inequalities, 2nd ed. Cambridge
University Press, Cambridge, 1967.
[10℄ A. Kufner, L. Maligranda, and L.-E. Persson. The prehistory of the Hardy
inequality. Amerian Math. Month., pages 715732, Otober 2006.
[11℄ A. Kufner and L.-E. Persson. Weighted inequalities of Hardy type. World
Sienti, Singapore, 2003.
Frank Hansen: Department of Eonomis, University of Copenhagen, Studiestraede
6, DK-1455 Copenhagen K, Denmark.
10
